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1 Second-Order Partial Differential Equation

The most general case of second-order linear partial differential equation (PDE) in two inde-
pendent variables is given by

2 2 2

Aaxz + B&x&y + dy? dx dy

where the coefficients A, B, and C are functions of x and y and do not vanish simultaneously,
because in that case the second-order PDE degenerates to one of first order. Further, the
coefficients D, E, and F are also assumed to be functions of x and y. We shall assume that the
function u(x,y) and the coefficients are twice continuously differentiable in some domain Q.

The classification of second-order PDE depends on the form of the leading part of the
equation consisting of the second order terms. So, for simplicity of notation, we combine the
lower order terms and rewrite the above equation in the following form

92 02 02 du d
A(x7y>a—x;t + B('&)&ﬁab; + C(xny)a—y;l =P (x7y7uva_Z78_;t) (23)

or using the short-hand notations for partial derivatives,
A(x7y)uxx + B(an’)“xy + C<x7)’)”yy = q)(x,y,u,ux,uy) (2b)

As we shall see, there are fundamentally three types of PDEs — hyperbolic, parabolic, and
elliptic PDEs. From the physical point of view, these PDEs respectively represents the wave
propagation, the time-dependent diffusion processes, and the steady state or equilibrium pro-
cesses. Thus, hyperbolic equations model the transport of some physical quantity, such as
fluids or waves. Parabolic problems describe evolutionary phenomena that lead to a steady
state described by an elliptic equation. And elliptic equations are associated to a special state
of a system, in principle corresponding to the minimum of the energy.

Mathematically, these classification of second-order PDEs is based upon the possibility of
reducing equation (2) by coordinate transformation to canonical or standard form at a point. It
may be noted that, for the purposes of classification, it is not necessary to restrict consideration



to linear equations. It is applicable to quasilinear second-order PDE as well. A quasilinear
second-order PDE is linear in the second derivatives only.
The type of second-order PDE (2) at a point (xp,yo) depends on the sign of the discriminant

defined as
B 2A

Ao = 50

‘ — B(x0,y0)? — 4A(10,70) C(x0.0) 3)

The classification of second-order linear PDEs at the point (xp,yo) is given by the following
conditions: If A(xq,yp) > 0, the equation is hyperbolic, A(xp,yo) = 0 the equation is parabolic,
and A(xp,yp) < O the equation is elliptic. It should be remarked here that a given PDE may
be of one type at a specific point, and of another type at some other point. For example, the
Tricomi equation
92u 92u
a2 Ty
is hyperbolic in the left half-plane x < 0, parabolic for x =0, and elliptic in the right half-plane
x>0, since A= —4x. A PDE is hyperbolic (or parabolic or elliptic) in a region Q if the PDE
is hyperbolic (or parabolic or elliptic) at each point of Q.
The terminology hyperbolic, parabolic, and elliptic chosen to classify PDEs reflects the anal-
ogy between the form of the discriminant, B? —4AC, for PDEs and the form of the discriminant,
B? —4AC, which classifies conic sections given by

=0

AX> +Bxy+Cy> +Dx +Ey+F =0

The type of the curve represented by the above conic section depends on the sign of the
discriminant, A = B> —4AC. If A > 0, the curve is a hyperbola, A =0 the curve is an parabola,
and A < 0 the equation is a ellipse. The analogy of the classification of PDEs is obvious. There
is no other significance to the terminology and thus the terms hyperbolic, parabolic, and elliptic
are simply three convenient names to classify PDEs.

In order to illustrate the significance of the discriminant A and thus the classification of the
PDE (2), we try to reduce the given equation (2) to a canonical form. To do this, we transform
the independent variables x and y to the new independent variables & and 1 through the change
of variables

& =cxy) n=nxy) )
where both & and 1 are twice continuously differentiable and that the Jacobian
o&.n) _|& ¢
J = = Y 0 5)
oy) meom |7

in the region under consideration. The nonvanishing of the Jacobian of the transformation
ensure that a one-to-one transformation exists between the new and old variables. This simply
means that the new independent variables can serve as new coordinate variables without any

ambiguity. Now, define w(&,n) = u(x(&,1n),y(&,n)). Then u(x,y) = w(&(x,y),n(x,y)) and,



apply the chain rule to compute the terms of the equation (2) in terms of £ and 1 as follows:

uy = wey + wn Tl

Uy = wg Gy + willy

Upy = ngéxz + 2W§n€xnx + wnn n)? + Wféxx + Wi Mxx (6)
Uyy = w55§y2 + 2w5n§yny + wnn 77y2 + w5§yy + wn Ty

txy = Weg &Sy + wep (Eclly +EyMx) + Wi elly + we by + Wiy

Substituting these expressions into equation (2) we obtain the transformed PDE as

awgg + bwey + cwpn = ¢ (é,n,w,w5,wn) (7)

where ® becomes ¢ and the new coefficients of the higher order terms a, b, and ¢ are expressed
via the original coefficients and the change of variables formulas as follows:

a= Aéxz + Bé}f&y + Céyz
b = 2A&m;x + B(éxny + éyTIX) + Zcéyny @)
c = AN + By + Cny

At this stage the form of the PDE (7) is no simpler than that of the original PDE (2), but this
is to be expected because so far the choice of the new variable & and m has been arbitrary.
However, before showing how to choose the new coordinate variables, observe that equation
(8) can be written in matrix form as

IR EEI P (F

Recalling that the determinant of the product of matrices is equal to the product of the de-
terminants of matrices and that the determinant of a transpose of a matrix is equal to the
determinant of that matrix, we get

‘ a b/Z'_‘ A B2,

b/2 ¢ | |B2 C

where J is the Jacobian of the change of variables given by (5). Expanding the determinant
and multiplying by the factor, —4, to obtain

b* —dac = J*(B*—4AC) — 5§ =JA )

where 8§ = b%? —4ac is the discriminant of the transformed PDE (7). This shows that the
discriminant of the transformed PDE (7) has the same sign as the discriminant of the original
PDE (2) and therefore it is clear that any real nonsingular (J # 0) transformation does not
change the type of PDE. Note that the discriminant involves only the coefficients of second-
order derivatives of the corresponding PDE.



1.1 Canonical forms

Let us now try to construct transformations, which will make one, or possibly two of the
coefficients of the leading second order terms of equation (7) vanish, thus reducing the equation
to a simpler form called canonical from. For convenience, we reproduce below the original PDE

A(X,)’)Mxx + B(xa)’)“xy + C(x7)’)”yy = q)(x7y7u7u)ﬁuy) (2)

and the corresponding transformed PDE

a(é?”)wff + b(§7n>wén + C(é’mwnn = ¢ (éa’%W,Wg,Wn) (7)

We again mention here that for the PDE (2) (or (7)) to remain a second-order PDE, the
coefficients A, B, and C (or a, b, and ¢) do not vanish simultaneously.

By definition, a PDE is hyperbolic if the discriminant A = B?> —4AC > 0. Since the sign of
discriminant is invariant under the change of coordinates (see equation (9)), it follows that for
a hyperbolic PDE, we should have b*> —4ac > 0. The simplest case of satisfying this condition
isa=c=0. So, if we try to chose the new variables & and 1 such that the coefficients a and
¢ vanish, we get the following canonical form of hyperbolic equation:

an = ‘l/(éan,W,WgaWn) (103)

where v = ¢ /b. This form is called the first canonical form of the hyperbolic equation. We
also have another simple case for which 5> —4ac > 0 condition is satisfied. This is the case
when b =0 and ¢ = —a. In this case (9) reduces to

Woo — Wﬁﬁ = ‘V(O‘7ﬁ,W,WaaWﬁ) (10b)

which is the second canonical form of the hyperbolic equation, where v = ¢ /a.

By definition, a PDE is parabolic if the discriminant A = B? —4AC = 0. It follows that for
a parabolic PDE, we should have b*> —4ac = 0. The simplest case of satisfying this condition is
c(or a) =0. In this case another necessary requirement b = 0 will follow automatically (since
b?> —4ac = 0). So, if we try to chose the new variables & and 1 such that the coefficients b
and c vanish, we get the following canonical form of parabolic equation:

wee = W (&, m,w,we, wn) (11)

where v = ¢ /a.
By definition, a PDE is elliptic if the discriminant A = B> —4AC < 0. It follows that for

a elliptic PDE, we should have b* — 4ac < 0. The simplest case of satisfying this condition is
b=0 and ¢ = a. So, if we try to chose the new variables & and 1 such that b vanishes and
¢ = a, we get the following canonical form of elliptic equation:

where y = ¢/a.

In summary, equation (7) can be reduced to a canonical form if the coordinate transformation
& =£&(x,y) and n = n(x,y) can be selected such that:
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e a=c =0 corresponds to the first canonical form of hyperbolic PDE given by

Wé?‘[ = ‘l/(éan,W,WgaWn) (103)
* b =0, c = —a corresponds to the second canonical form of hyperbolic PDE given by
Woo — Wﬁﬁ = ‘V(O‘7ﬁ,W,Wa7W[3) (10b)

* b= c =0 corresponds to the canonical form of parabolic PDE given by
wee = W (8,1, w,wg, wy) (11

* b =0, c = a corresponds to the canonical form of elliptic PDE given by
wee +wan = v (&,n,w,wg, wn) (12)

We will now examine the kind of transformation required to reduce the PDE to its canonical
form.

1.2 Hyperbolic equations

For a hyperbolic PDE the discriminant A(= B? —4AC) > 0. In this case, we have seen that, to
reduce this PDE to canonical form we could choose the new variables & and 1 such that the
coefficients a and ¢ vanish in (7). Thus, from (8), we have

a=AE +BEL, +CE =0 (13a)
¢ =An? +Bnuy +Cny =0 (13b)

Dividing equation (13a) and (13b) throughout by §y2 and nyz respectively to obtain

A(§)2+B(§)+czo (14a)

& &
e\ (7
A(—’“) —I-B(—x)-l—C:O (14b)
Ny y
Equation (14a) is a quadratic equation for the ratio (&,/&,) whose roots are given by
—B+vB2—4AC
pi(x,y) =
2A
—B—/B2—4AC



The roots of the equation (14b) can also be found in an identical manner, so as only two distinct
roots are possible between the two equations (14a) and (14b). Hence, we may consider t; as
the first root of (14a) and , as the second root of (14b). That is,

& —B+VBP—4AC

== 1

Hi(x,y) £ N (152)
N —B—+vVB?—4AC

== = 15b

uz(x,y) ny 24 ( )
The above equations lead to the following two first-order differential equations
& — i (x,y)& =0 (16a)
Ne — M2 (x,y)10y =0 (16b)

These are the equations that define the new coordinate variables & and 7 that are necessary
to make a=c=0in (7).
Along the coordinate line & (x,y) = constant, we have the total derivative of &, d& =0. It
follows that
d§ = &Edx+&Edy =0

and hence, the slope of such curves is given by

dy _ &
dx &y

We also have a similar result along coordinate line 1(x,y) = constant, i.e.,

dy _ M
dx My

Using these results, equation (14) can be written as

dy 2 dy
Al— | —B|—= c=0 17
<dx) (dx) + (17
This is called the characteristic polynomial of the PDE (2) and its roots are given by
d B+ VB2 —4AC
= = = hi(x,) (182)
dx 2A
d B—/B?—4AC
2 = Ja(x,y) (18b)
dx 2A

The required variables & and 1) are determined by the respective solutions of the two ordinary
differential equations (18a) and (18b), known as the characteristic equations of the PDE (2).
They are ordinary differential equations for families of curves in the xy-plane along which & =
constant and 11 = constant. Clearly, these families of curves depend on the coefficients A, B,
and C in the original PDE (2).



Integration of equation (18a) leads to the family of curvilinear coordinates & (x,y) = ¢; while
the integration of (18b) gives another family of curvilinear coordinates n(x,y) = ¢z, where ¢
and ¢ are arbitrary constants of integration. These two families of curvilinear coordinates
E(x,y) = c1 and N(x,y) = ¢, are called characteristic curves of the hyperbolic equation (2) or,
more simply, the characteristics of the equation. Hence, second-order hyperbolic equations have
two families of characteristic curves. The fact that A > 0 means that the characteristic are real
curves in xy-plane.

If the coefficients A, B, and C are constants, it is easy to integrate equations (18a) and
(18b) to obtain the expressions for change of variables formulas for reducing a hyperbolic PDE
to the canonical form. Thus, integration of (18) produces

B+ VB2 —4AC B— VB2 —4AC
y =

A x4+ cy and y = oA X+ (19a)

or

B+ VB2 —4AC B— VB2 —4AC
X =c and y— xX=c (19b)
2A 2A
Thus, when the coefficients A, B, and C are constants, the two families of characteristic curves
associated with PDE reduces to two distinct families of parallel straight lines. Since the families
of curves & = constant and 1] = constant are the characteristic curves, the change of variables

are given by the following equations:

y_

B B2 —4AC

oy T ey 0)
B—/B%—4AC

=y T oy e

The first canonical form of the hyperbolic is:

Wé?‘[ = W(éa’?,W,W&Wq) (22)

where = ¢ /b and b is calculated from (8)

b = 2A&nx + B(&:ny + M) + 2CEm,
2 (p2
:zAC* (B ‘Mo)+3(—£~nﬁ)+2c

4A2 24  2A
2
:M—%:—% (23)

Each of the families & (x,y) = constant and 1 (x,y) = constant forms an envelop of the domain
of the xy-plane in which the PDE is hyperbolic.

The transformation & = &(x,y) and 1 = n(x,y) can be regarded as a mapping from the
xy-plane to the n-plane, and the curves along which & and 1 are constant in the xy-plane
become coordinates lines in the En-plane. Since these are precisely the characteristic curves,
we conclude that when a hyperbolic PDE is in canonical form, coordinate lines are characteristic
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curves for the PDE. In other words, characteristic curves of a hyperbolic PDE are those curves
to which the PDE must be referred as coordinate curves in order that it take on canonical form.
We now determine the Jacobian of transformation defined by (20) and (21). We have

A 1

J:’—/lz 1

‘:AZ—M

We know that A; = A4, only if B> —4AC = 0. However, for an hyperbolic PDE, B> —4AC # 0.
Hence Jacobian is nonsingular for the given transformation. A consequence of A; # A, is that
at no point can the particular curves from each family share a common tangent line.

It is easy to show that the hyperbolic PDE has a second canonical form. The following
linear change of variables

converts (22) into
Woo — W = I//(Oc,ﬁ,w,wa,wlg) (24)

which is the second canonical form of the hyperbolic equations.
For PDE with constant coefficients, the required transformation is given by

o =28+n=(y—lix)+ (y—2x)
=2y — (ll—l-lz)x

B=&-—n=0-4x) —(y—Aw)
= (h+A4)x

Example 1

Show that the one-dimensional wave equation

Pu

o2 o

is hyperbolic, find an equivalent canonical form, and then obtain the general solution.

=0

Solution  To interpret the results for (2) that involve the independent variables x and y in
terms of the wave equation uy, —c%u,, = 0, where the independent variables are ¢ and x, it will
be necessary to replace x and y in (2) and (6) by ¢ and x. It follows that the wave equation is
a constant coefficient equation with

We calculate the discriminant, A = 4c¢? > 0, and therefore the PDE is hyperbolic. The roots of
the characteristic polynomial are given by

B++vVA J . B—+/A
= = C an et =
A 2 2A

A

—C



Therefore, from the characteristic equations (18a) and (18b), we have

dx dx
Ay = R
dt =6 dt

Integrating the above two ODEs to obtain the characteristics of the wave equation

AQ:—C

x = ct + ki, x=—ct+kp

where ki and k» are the constants of integration. We see that the two families of characteristics
for the wave equation are given by x — ¢t = constant and x+ ¢t = constant. It follows, then,
that the transformation

& =x—a, n=x+ct
reduces the wave equation to canonical form. We have,
A 2
a=0, c=0, b:—Z:—4c

So in terms of characteristic variables, the wave equation reduces to the following canonical
form

Wep = 0
For the wave equation the characteristics are found to be straight lines with negative and

positive slopes as shown in Fig. 1. The characteristics form a natural set of coordinates for the
hyperbolic equation.

x+ct =k x—ct=k

k

Figure 1: The pair of characteristic curves for wave equation.

The canonical forms are simple because they can be solved directly by integrating twice.
For example, integrating with respect to & gives

o = [odz = o

where the ‘constant of integration’ & is an arbitrary function of 11. Next, integrating with
respect to 1 to obtain

w(m) = [hm)dn + £() = £(&) + g(m)

9



where f and g are arbitrary twice differentiable functions and g is just the integral of the
arbitrary function 4. The form of the general solutions of the wave equation in terms of its
original variable x and ¢ are then given by

u= fx—ct)+ gx+ct)

Note that f is constant on “wavefronts” x = cr + & that travel towards right, whereas g is
constant on wavefronts x = —ct 4+ 1 that travel towards left. Thus, any general solution of
wave equation can be expressed as the sum of two waves, one travelling to the right with
constant velocity ¢ and the other travelling to the left with the same velocity c. This is one of
the few cases where the general solution of a PDE can be found.

As mentioned earlier, hyperbolic PDE has an alternate canonical form with the following
linear change of variables o« = & +n and B =& — 1, given by

Woo —Wﬁﬁ =0

Example 2

In steady or unsteady transonic flow around wings and airfoils with thickness to chord ratios
of a few percent, we can generally consider that the flow is predominantly directed along
the chordwise direction, taken as the x-direction. In this case, the velocities in the transverse
direction can be neglected and the potential equation reduces to the so-called small disturbance
potential equation: ) )
(1—M2) g—f + a—‘f =0
X dy

Historically, this was the form of equation used by Murman and Cole (1961) to obtain the first
numerical solution for a transonic flow around an airfoil with shocks.

Show that, depending on the Mach number, the small disturbance potential equation is
elliptic, parabolic, or hyperbolic. Find the characteristic variables for the hyperbolic case and
hence write the equation in canonical form.

Solution  The given equation is of the form (2) where
A=1-M2, B=0, C=1

The discriminant, A = B2 —4AC = —4(1 —Mozo). Therefore, the PDE is hyperbolic for M > 1,
elliptic for M < 1, and parabolic for M =1 (along the sonic line). For the case of supersonic
flow (M > 1), the roots of the characteristic polynomial are given by

Y B+vVA  \J4(M2—1) 1
= _ _

24 201-M2) /M2
Lo B=VA _ vAMI-1) ]
2T 24 T 2(1—-M2) M2 —1
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Therefore, from the characteristic equations (18a) and (18b), we have

dy 5 ay_, !

dx T -1 dx T ME1

Integrating the above two ODEs to obtain the characteristics of the wave equation

+ ¢, y=- +c2

X X
y = ——— —
VM2 —1 VM2 —1
where ¢ and ¢; are the constants of integration. We see that the two families of characteristics

for the wave equation are given by y —x//M2 — 1 = constant and y+x/+/M2 — 1 = constant.
It follows, then, that the transformation

E=y—

X X
—_—— — + -
N/ =Y ar o
reduces the wave equation to canonical form. From the relations (6), we have
Prx = Wéééxz + Zwénéxnx + Wnnn)% + we Exx + Wi Mxx

I 2 I
MZ_1VEE T e Tz

Pyy = Wéééyz + 2wen &My + Wnnny2 + we Sy + Wiy
= Wgg + 2W§7‘l + Wnn

Substituting these relations in the given PDE to obtain
an =0

This is the canonical form of the given hyperbolic PDE. Here & = const. and 1) = const. lines
represent two families of straight lines with slopes, +1/y/M2 —1.

1.3 Parabolic equations

For a parabolic PDE the discriminant A = B? —4AC = 0. In this case, we have seen that, to
reduce this PDE to canonical form we need to choose the new variables & and 7 such that the
coefficients a and b vanish in (7). Thus, from (8), we have

a = A&} + BE&, +C&F = 0

Dividing the above equation throughout by éyz to obtain

A(g—j)z-i-B(g—j)-l-C:O (25)

As the total derivative of & along the coordinate line &(x,y) = const., d§ = 0. It follows that
dé = Edx + Edy =0

11



and hence, the slope of such curves is given by

dy _ &
dx &y

Using this result, equation (25) can be written as

dy 2 dy B
A<E> —B(a)-i-C—O (26)

This is called the characteristic polynomial of the PDE (2). Since B> —4AC = 0 in this case,
the characteristic polynomial (25) has only one root, given by

D = Ay @
Hence we see that for a parabolic PDE there is only one family of real characteristic curves.
The required variables & is determined by the ordinary differential equation (27), known as the
characteristic equations of the PDE (2). This is an ordinary differential equation for families of
curves in the xy-plane along which & = constant.

To determine the second transformation variable 17, we set b =0 in (8) so that

2A§xnx + Béxny + éynX) + Zcéyny =0

245, 1 B (%ﬁm) +2Cn, =0
&y &y

B B
2A (‘ﬂ) Ne+ B [<—ﬁ) ny+nx} +2Cn, =0
2

B
—Bn, — ﬂny +Bn,+2Cny, =0
(B*—4AC)ny = 0

Since B2 —4AC = 0 for a parabolic PDE, 7, could be an arbitrary function of (x,y) and con-
sequently the transformation variable 11 can be chosen arbitrarily, as long as the change of
coordinates formulas define a non-degenerate transformation.

If the coefficients A, B, and C are constants, it is easy to integrate equation (27) to obtain
the expressions for change of variable formulas for reducing a parabolic PDE to the canonical
form. Thus, integration of (27) produces

B
y = ﬂx + (28a)

or B
y— ﬁx = C] (28b)

Since the families of curves & = constant are the characteristic curves, the change of variables
are given by the following equations:

E=y—x (29)
n=x (30)

12



where we have set 1 =x. The Jacobian of this transformation is

J — éx éy
NMx Ty

B ‘ —B/2A 1

=140
1 0‘ 7

Now, we have from (8)

b = 2A&n + B(&:my +EyMy) + 2CEm,

B
—24(—=— ) +B+0=0
(ZA)+ ¥

In these new coordinate variables given by (29) and (30), equation (7) reduces to following
canonical form:

win = W (E,1m,w,wg,wy) (31)

where W = ¢ /c. As the choice of i is arbitrary, the form taken by y will depend on the choice
of 1. We have from (8)
c=AN? + BNy +Cnf = A (32)

Equation (7) may also assume the form
Wff = II/(é?naWan?Wn) (33)

if we choose ¢ = 0 instead of a = 0.

Example 3

Show that the one-dimensional heat equation

P
ox2 ot

is parabolic, choose the appropriate characteristic variables, and write the equation in equivalent
canonical form.

Solution It follows that the heat equation is a constant coefficient equation with
A= «, B =0, CcC=0

We calculate the discriminant, A =0, and therefore the PDE is parabolic. The single root of
the characteristic polynomial is given by

A =B/2A =0

Therefore, from the characteristic equation (27), we have

dt
“—o0
dx

13



Integrating the above ODE to obtain the characteristics of the wave equation
t=k

where k is the constant of integration. Here r = k lines represents the characteristics. Since the
families of curves & = constant are the characteristic curves, the change of variables are given
by the following equations:

§=t, n=ux
where we have set 7 =x. This shows that the given PDE is already expressed in canonical form
and thus no change of variable is needed to simplify the structure. Further, we have from (6)

u; — Wéét +Wﬂnl = W&

and ¢ = A = «. It follows that the canonical form of the heat equation is given by

we

1
Wpp = —
nn o

1.4 Elliptic equations

For an elliptic PDE the discriminant A = B> —4AC < 0. In this case, we have seen that, to
reduce this PDE to canonical form we need to choose the new variables & and 1 to produce
b=0anda=c, orb=0and a—c=0. Then, from (8) we obtain the following equations:

A (&7 —17) + B(&:&y—memy) +C (& —n7) = 0 (34a)

2A8Mx + B(&uMy +&My) +2CEmy = 0 (34b)

For hyperbolic and parabolic PDEs, & and 71 are satisfied by equations that are not coupled
each other (see (13) and (25)). However, equations (34) are coupled since both unknowns &

and 7 appear in both equations. In an attempt to separate them, we add the first of these
equation to complex number i times the second to give

A&+ i)’ + B(&e+iny) (& +iny) + C (& +imy)* = 0
Dividing the above equation throughout by (&, +in,)? to obtain
. 2 .
A(@-Hjh) +B(5x+{nx) LC=0 35)
éy‘l‘lny éy‘l‘lny

This equation can be solved for two possible values of the ratio

Ec+iny —BEVB2—4AC  —B+iV4AC —B?
&+iny 2A B 24

(36)

14



Clearly, these two roots are complex conjugates and are given by

Ol —B+iv4AC — B?

a = A (37a)
—B—j _RB2
& _ B—iv4AC—-B (37b)
B, 24
where B(x,y) is the complex conjugate of o (x,y). They are given by
a(x,y) =& (x,y) +in(x,y) (38a)
ﬁ(x7Y):§(an’)_in(an) (38b)

We will now proceed in a purely formal fashion. As the total derivative of o along the coordinate
line a(x,y) = constant, da = 0. It follows that

doa = oxdx + oydy = 0

and hence, the slope of such curves is given by

dy oy
dx oy

We also have a similar result along coordinate line B(x,y) = constant, i.e.,

dy _ B
dx By
From the foregoing discussion it follows that
d B —iV4AC — B?
dy _, _Boiv (392)
dx 2A
B+ iv4AC — B?

Dy _ g, = BHIVAAC (39b)
dx 2A

Equations (39a) and (39b) are called the characteristic equation of the PDE (2). Clearly, the
solution of this differential equations are necessarily complex-valued and as a consequence there
are no real characteristic exist for an elliptic PDE.

The complex variables o and B are determined by the respective solutions of the two
ordinary differential equations (39a) and (39b). Integration of equation (39a) leads to the
family of curvilinear coordinates a(x,y) = ¢; while the integration of (39b) gives another family
of curvilinear coordinates B(x,y) = ¢z, where ¢ and ¢, are complex constants of integration.
Since a and B are complex function the characteristic curves of the elliptic equation (2) are
not real.

Now the real and imaginary parts of o and B give the required transformation variables &

and 1. Thus, we have

_a+p _a-p
& = 5 n=— (40)
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With the choice of coordinate variables (40), equation (7) reduces to following canonical form:
where y = ¢/a.

Note: It may be noted that the quasilinear second-order equations in two independent variables
can also be classified in a similar way according to rule analogous to those developed above for
semilinear equations. However, since A, B, and C are now functions of uy, uy, and u its type
turns out to depend in general on the particular solution searched and not just on the values
of the independent variables.

Example 4

Show that the equation
Uy, + xzuyy =0

is elliptic everywhere except on the coordinate axis x = 0, find the characteristic variables and
hence write the equation in canonical form.

Solution The given equation is of the form (2) where
A=1, B=0, C=x

The discriminant, A = B> —4AC = —4x?> < 0 for x # 0, and therefore the PDE is elliptic. The
roots of the characteristic polynomial are given by

_ B-iV4AC—B® B+iV4AC—B2

M N —ix and A = N ix
Therefore, from the characteristic equations (18a) and (18b), we have
dy , dy .
— = —Iix, — = ix
dx dx
Integrating the above two ODEs to obtain the characteristics of the wave equation
X N X e
= —1— C = 1l
y ) 1y y 2 2

where ¢ and ¢, are the complex constants. We see that the two families of complex charac-
teristics for the elliptic equation are given by y+ix?/2 = constant and y —ix? /2 = constant. It
follows, then, that the transformation

2 x2

A .
o = -, = — ] —
y+i > B=y—i 5
The real and imaginary parts of o and B give the required transformation variables £ and 7.
Thus, we have
a+pf _a—-p X

§=— =V =7 2
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With this choice of coordinate variables, equation (7) reduces to following canonical form. From
the relations (6), we have

Uxx = W&&éxz + Zwénéxnx + wyn 773 + weg écx + Wy Nxx
= wyn + wy

Uyy = Wéééyz + 2wen &My + win nyz + we &y + wn Ty
= wee

Substituting these relations in the given PDE and noting that x> = 21, we obtain

Wee +wiyn = TR
This is the canonical form of the given hyperbolic PDE. Therefore, the PDE

Uyy + xzuyy =0

in rectangular coordinate system (x,y) has been transformed to PDE

1
Weg T win = TR

in curvilinear coordinate system (&,m). Here & = const. lines represents a family of straight
lines parallel to x axis and 1 = const. lines represents family of parabolas.

Example 5

Consider the Tricomi equation
uxx - xuyy — 0

This is simple model of a second-order PDE of mixed elliptic-hyperbolic type with two inde-
pendent variables. The Tricomi equation is a prototype of the Chaplygin's equation for study
of transonic flow.

The Tricomi equation is of the form (2) where

A=1, B=0 C=—x

The discriminant, A = B2 —4AC = 4x. Therefore, the Tricomi equation is hyperbolic for x > 0,
elliptic for x < 0 and degenerates to an equation of parabolic type on the line x = 0. Assuming
x >0, the roots of the characteristic polynomial are given by

_ B+VA _ B—VA

ll— A :\/)_C and /lz— A —\/)_C

Therefore, from the characteristic equations (18a) and (18b), we have

dy dy
5_\/}’ dx \/}
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Integrating the above two ODEs to obtain the characteristics of the wave equation
3/2 3/2
y=lie,  y=-2laq

where ¢1 and ¢, are the constants of integration. We see that the two families of characteristics
for the wave equation are given by y—2/(3x3/2) = constant and y+2/(3x%/2) = constant. It
follows, then, that the transformation

£ =y-37 n=y+ 3

reduces the wave equation to canonical form. The derivatives of & and 7 are given by
5}6 = _\/)_C éy =1

éxx = _ﬁ éyy =0

an\/)E ny =1
Tlxxzz—\/;c My =0

From the relations (6), we have

Uxx = W&&éxz + Zwénéxnx + wyn 773 + weg écx + Wy Nxx

1 1
= xWge — 2xw§n + xwppn — 2—\/)_Cw§ + Z—ﬁwn
2 2
uyy = wee&y + 2wen GyMly + wyn Ty + we Sy + wylyy
= Weg + 2wep + wan

We also have the following relation

3/2 3(n-¢§)

4
Substituting these relations in the given PDE to obtain

X

e LWET W
16 E-n

This is the canonical form of the Tricomi equation in the hyperbolic region.

Example 6

An interesting example is provided by the stationary potential flow equation in two dimensions,
defined by equation (where ¢ designates the speed of sound):

<1_u_2) %0 W %0 N <1_v2> 9%¢ _ 0

c? ) ox? 2 9xdy 2) oy

2 2
u uy 1%

with



we can write the potential equation under the form (2). In this particular case the discriminant
(B%> — 4AC) becomes, introducing the Mach number, M(= vu?+v2/c)

—1):4(1\42—1)

and hence the stationary potential equation is elliptic for subsonic flows and hyperbolic for
supersonic flows. Along the sonic line M = 1, the equation is parabolic. This mixed nature of the
potential equation has been a great challenge for the numerical computation of transonic flows

u? + 2
CZ

32—4Ac:4<

since the transition line between the subsonic and the supersonic regions is part of the solution.
An additional complication arises from the presence of shock waves which are discontinuities of
the potential derivatives and which can arise in the supersonic regions.

2 Classification of Second-Order Equations in n Variables

We now consider the classification to second-order PDEs in more than two independent vari-
ables. To extend the examination of characteristics for more than two independent variables is
less useful. In n dimension, we need to consider (n— 1) dimensional surfaces. In three dimen-
sions, it is necessary to obtain transformations, & = &(x,y,z), N = N(x,y,z), and § = {(x,y,2)
such that all cross derivatives in (§,1,{) disappear. However, this approach will fail for more
than three independent variables and hence it is not usually possible to reduce the equation to
a simple canonical form. Consider a general second-order semilinear partial differential equation
in n independent variables

0%u 0%u 0%u N 0%u n
a a Aln
118x13x1 123x18x2 133x18x3 ! 0x10x,
%u N %u N %u N N d%u n
ar] =——— ayy ——— a . a
21 0x20x1 22 0x20x2 23 0x20x3 2n 0x20x,
2 5 % 5
1 5% o0x1 * 2 0% 0xy T an 0x,0x3 + * a""&)g,&)cn +
u u u u

For more than three independent variables it is convenient to write the above PDE in the
following form:

oz %u " du
y bi— d=0 42

where the coefficients a;;, b;, ¢, d are functions of x = (x1,x2,...,x,), u = u(x1,x2,...,X,), and
n is the number of independent variables. Equation (42) can be written in matrix form as

9
8x1

Jdu
a ain Pxy
d . .
ox, :
anpl Apnn g;n
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We assume that the coefficient matrix A = (a;;) to be symmetric. If A is not symmetric, we
can always find a symmetric matrix a;; = %(a,-j-l—aﬁ) such that (42) can be rewritten as

;; ]8xl8x] i_zib,-a—Xi-l-cu-i-d:O

For example, consider the equation

0%u B 2%u N 0%u
8x% dx10x 8x%

= f(x17x2)

Since
0%u B 0%u
dx190xy  Jdxpdx|

we may write
u 1 d%u 1 9%u N 0%u
8)6% 2 axla)Q 2 8x28x1 ax%

= f(x1,x2)

or in matrix form

[8%1 8%2 }{_11/2 _11/2} [ (Zx:l ] = f(x1,%2)

oxy

Comparing to the general equation in matrix form above, we can see that the coefficient matrix
A is now symmetric.
Now consider the transformation
§=0Ox
where § = (&1,&5,...,&,) and Q = (g;;) is an n x n arbitrary matrix. Using index notation, this
transformation can be written as .
& = Z qijXj
j=1

Repeated application of chain rule in the forms

9y 9%
8xl~ n =1 8§k 8x,-
and
9’ Lo 97 969

8xl~8xj - k=1 8§k8§l8—)c,8—)cj

to the derivatives of u(xy,x2,...,x,) in (42) with respect to xj,xz,...,x, transforms them into
derivatives of w(&;,&s,...,&,) with respect to &1,&;,...,&,. This allows equation (42) to be
expressed as

n n 82
Z ( Z qkiaiquj> Wgél + lower-order terms = 0 (43)

ki=1 \i,j=1
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The coefficient matrix of the terms 9%u/(9&d&) in this transformed expression is seen to be
equal to QTAQ. That is,

(qriaijqij) = Q" AQ
From linear algebra, we know that for any real symmetric matrix A, there is an associate
orthogonal matrix P such that PTAP = A. Here P is called diagonalizing matrix of A and A is
a diagonal matrix whose element are the eigenvalues, A;, of A and the columns of P the linearly
independent eigenvectors of A, ¢; = (e1;,€2i,--.,¢€ni). S0, we have

P = (e,-j) and A= (),lﬁij), i,j = 1,2,...,11

where §;; is the Kronecker delta. Now if the transformation is such that Q is taken to be a
diagonalizing matrix of A, it follows that

A

A
0TAQ = A = L (44)

An

The numbers A1,A;,...,A, are real, because the eigenvalues of a real symmetric matrix are
always real. It is instructive to note that the previously mentioned transformation (for second-
order PDE with two independent variables) to remove cross derivatives is equivalent to finding
eigenvalues A; of the coefficient matrix A.

We are now in a position to classify the equation (42).

* Equation is called elliptic if all eigenvalues A; of A are non-zero and have the same sign.

 Equation is called hyperbolic if all eigenvalues A; of A are non-zero and have the same
sign except for one of the eigenvalues.

» Equation is called parabolic if any of the eigenvalues A; of A is zero. This means that the
coefficient matrix A is singular.

When more than two independent variables are involved, there are other intermediate classifi-
cations exist which depends on the number of zero eigenvalues and the pattern of signs of the
non-zero eigenvalues. These sub classification has not much practical importance and will not
be discussed here.

Example 7
Classify the three-dimensional Laplace equation

Solution  The coefficient matrix is given by

A=

oS O =
S = O
—_ O O



As the coefficient matrix is already in diagonalized form it can be seen immediately that it has
three non-zero eigenvalues which are all positive. Hence, according to the classification rule the
given PDE is elliptic.

Example 8

Classify the two-dimensional wave equation

utt _— C2 (uxx + uyy) — O

Solution  The coefficient matrix is given by

1 0 0
A=10 =2 0
0 0 —c?

As the coefficient matrix is already in diagonalized form it can be seen immediately that it
has three non-zero eigenvalues which are all negative except one. Hence, according to the
classification rule the given PDE is hyperbolic.

Example 9

Classify the two-dimensional heat equation

ut — a(uxx -‘l_ uyy> — 0

Solution  The coefficient matrix is given by

0O 0 0
A=10 —-a O
0 0 -«

As the coefficient matrix is already in diagonalized form it can be seen immediately that it has
a zero eigenvalue. Hence, according to the classification rule the given PDE is parabolic.

Example 10
Classify the two-dimensional equation

82u_ d%u +82u_f( )
ox2  dxdy  9dy? Y

Solution  First of we write the given equation in the following form:

82u_l82u _l&zu +82u_f< )
ox2  209xdy 2dydx  dyr Y
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The coefficient matrix is then given by

Since the coefficient matrix not in diagonalized form, we solve the eigenvalue problem det(A —
AI)=0. That is,

1-2 -1 '
2 1 =0
1
— 1=
Expanding the determinant to obtain
1 3
(1—1)2—120 = 12—2/1+Z:0

Hence the two eigenvalues are A} = 1/2 and A, =3/2. The equation is elliptic.

Example 11
Classify the following small disturbance potential equation for compressible flows:
2’9 ¢
1-M2) == + == =0
(1-02) 5%+ 58

Solution  The coefficient matrix is then given by

1—-M2 0
=1

As the coefficient matrix is already in diagonalized form it can be seen immediately that its
eigenvalues are given by
A =1, A =1-M2

It follows that: If M2 < 1 then all eigenvalues are nonzero and of same sign thus small distur-
bance potential equation is elliptic, if M2 = 1 then one of the eigenvalues is zero thus small
disturbance potential equation is parabolic, and if M2 > 1 then all eigenvalues are nonzero and
are of opposite sign thus small disturbance potential equation is hyperbolic.

3 Classification of First-Order System of Equations

Consider the semilinear! first-order system of two equations in two dependent variables (u,v)
and three independent variables (x, y, z) (corresponding to a thee-dimensional space) as given
below:

a+a+ba+ba+a+av_f
u v (9u 8\/ 8u v
a5 +a228 +1?21a +b228 +C21a +022 _fz

'For a first-order PDE to be semilinear, a;; = a;;(x,y,2), bij = bij(x,,2), ¢ij = cij(x,,2) and f; = fi(x,y,z,u,v).
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In matrix form, we have

u
[ ajy app by by cir } I | _ [ h }
ax axy by byp c 2 2

Alternatively, the above system can be rewritten as
2 A (2 10 (2 21l -1
a; axp |dx | v byt by |dy |V 1 v 12
U U U
A(xayaz)— + B(xvyaz)— + C(xayaz)— = F(xayasz)
dx dy dz

VY
v f2
Using indicial notations, the system of first-order PDE for two dependent variables and three
independent variables can be written as

2 du; du;j du; )
Z al]a +bij8—y+ l]a = fi i=1,2

=1

9
dz

or

where

The system of first-order PDE of three independent variables can be generalized for n dependent
variables, u;, as follows:

n P d P
Z <a,, a”’ bij a”’ + cij a”’) = fi, i=1,2,....n (452)

or in matrix form oU oU 8U

where
ajl -+ Ay by -+ by Ci1  Cln
A = B = C =

apl -+ app bpi - by Cnl ** Cun

ui S

753 f

U = ] F = ]

Up In
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Finally, we consider the most general form of system of first-order PDEs. Suppose we have
n dependent variables u;, in an m-dimensional space x; (i.e., m independent variables), we can

group all the variables u; in an (n x 1) column vector U and write the system of first-order
PDEs

Y Af— =F (46a)
= 9x
or . 5
Y Y2 =g i=1,2,....n (46b)
Ss Y on

As an example let us consider the system n equations (and an equal number of dependent
variables) in two dimensions (x,y):

a e a n u b v b n u
1 1 5 .1 N -11 | 1 5 .1 B fl
dpl °° Qun Un buy -+ by Up fn
o U U
A(X,y)— + B(X,y>— = F(X,y,U) (47)
dx dy

Assuming that A is nonsingular, the system (47) can be written in a more convenient form by
pre-multiplying by A~ !:

U U
— +D — =F U 48
5, T Py) 2 (x,y,U) (48)
or
1 -+ 0 u d o d u e
9 .1 .\ .11 . ln 9 1 B 1
N : : o Jy =
0 --- 1 Un dpi 0 dp Un €n
where
D=A"'"B and E=A4A"'F
Using indicial notation, the system (48) can be written as
8uj 1 auj .
E‘F}Zldij—yzei, l:1,2,...,n
and in component form, the system becomes
0 0 0 u,
ﬂ + dllﬂ + d12£ + ... 4+ dlnl = e
dx dy dy dy
duy L od duy L od duy N L od duy,
JE— — J— oo n—— = ¢
Ix 2175 275 2 Iy 2
8.un éul éuz | 3un
Z"n dy — dyp—= d —" =
o + dyi Iy + dp2 Iy + + ay Iy €n



Just as in the case of a single partial differential equation, the important properties of
solutions of the system (48) depend only on its principal part Uy + DU,. Since this principal
part is completely determined by the coefficient matrix D(x,y) = A~!B, this matrix plays a
fundamental role in the study of (47).

3.1 Canonical form and classification

In order to solve the system (48), we first write the system of equations (48) in canonical form
(or decoupled form). To this end we use the following definition: A matrix D is said to be
diagonalisable if D can be expressed as

D = PAP! oo A=P'DP (49)

where A(x,y) be the n x n diagonal matrix with diagonal entries the eigenvalues of D and P
is the diagonalizing matrix of D where the columns are eigenvectors of D corresponding to
eigenvalues of D, i.e.,

Ao 0 Pil * Pl
A=) = | + . |, P = (pij) = S I DP; = AP
0 )vn Pnl " DPnn

where 9;; is the Kronecker delta. A system (48) is said to be diagonalisable if the coefficient ma-
trix D is diagonalisable. Based on the concept of diagonalisation one often defines a hyperbolic
system (48) as a system with real eigenvalues and diagonalisable coefficient matrix.

3.1.1 Characteristic variable and characteristic form of the system

The existence of the inverse matrix P~! makes it possible to define a new set of dependent
variables W = (wy,wa,...,w,)7 via the transformation

w=rlUu = U=PW

where the new variables W is called characteristic variables. Then

U oW  JP U W  JP
ox o T o oy TV
Substituting these into (48) to obtain
oW  JP aw oP

Rearranging,

ow ow JdP dP
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We multiply the above equation by P~! to obtain

W + P’IDPa—W —H (50)
dx dy
where
1 . 0P oP
H=P G=P |E—|—+D— |W|.
dx dy
Now, using A = P~ IDP, we have
ow ow
- + A(X,y>— = H()C,y,W) (513)

dx dy

This is is called the canonical form or characteristic form of the system (47). The simplicity of
the canonical form (51a) becomes apparent if we write it in component form,

8w,— 8W,’_ ) .
o —|—7L,-(x,y)a—y = hi(x,y,wi,...,wp), i=1,2,....n (51b)
or
8w1 8w1 .
ox Mgy Th
aWQ aWQ_
ox Mgy Tk
(51¢)
owp, ow,
ox Mgy =
or
R T R I e I
= : + - = : = : (51d)
ox dy
Wy 0o -+ A, Wp hy,

It is clear that the principal part of the ith equation involves only the single unknown w; and
thus the system of equations are said to be decoupled and is identical to the linear advection
equation if eigenvalues A; (characteristic speeds) are real and distinct.

The classification of the system of first-order PDEs (47) is done based on the nature of the
eigenvalues A; of the matrix P~'DP, which are exactly the eigenvalues values of D = A~!B.
Recall that an eigenvalue of D is a root A of the characteristic equation

|D — AIl = 0.
The system (47) based on the nature of its eigenvalues is classified as follows:

e If all the n eigenvalues of D are real and distinct the system is called hyperbolic type. If
the eigenvectors corresponding to the real eigenvalues are also distinct, the system is said
to be strictly hyperbolic.
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* If all the n eigenvalues of D are complex the system is called elliptic type.

¢ |f some of the n eigenvalues are real and other complex the system is considered as hybrid
of elliptic-hyperbolic type.

* If the rank of matrix D is less than n, i.e., there are less than n real eigenvalues (some of
the eigenvalues are repeated) then the system is said to be parabolic type.

For a system of PDE having only two dependent variables, we can determine the eigenvalues
of matrix D analytically and state the conditions classification in an explicit manner as follows.
Consider the system of two equations (with dependent variables u; and u;) in two dimensions

(x,y):

d duy duy d

all% tano- 2 by Iy L tbpy ;2 =h (52a)
d d d d

321% +an auz + b2 ;;1 + b auyz f2 (52b)

In matrix form,

lan alz]i[m}_‘_{bn blz}ilul}:[ﬁ}
az1 axp | dx | up byr by | dy | f2

or

where

ap ap b1 bia } { fi }
A= , B = , F=
[ ] {bzl b2 f

The inverse of A is

Al 1 [ ap —ap ]
|A| | —a21  an

where |A| is the determinant of matrix A. We now compute the matrix D as

ayp —ap ] {bll blz} 1 [azzbll—alzbzl azzblz—alzbzz]

1
D=A"'B= " =
{ —ax  ap by1 by |A|

A aiiba1 —axbyy  apbyy —anbin

so that the system (52) may be written as

J [ Ul } + b l axbir —ainbar  axnbiy —anbx } J [ Ul ] _ [61 }
dx | up |A| | aibar —axbi anbyn —axbix | dy e

To determine eigenvalues of D, we solve the following eigenvalue problem:
ID—AI =0
Expanding the above determinant to obtain the characteristic equation

|A|A%2 — |b|A + B =0 (53)
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where the determinants |A|, |B|, and |b| are given by

Al - | @ an | _
|A| = = ajjax — appaz
ai an
bii b1z
|B| = I bi1by — b2y
21 by
ain bz by an
|b| = b | T ' b = a11by — axib1z + axnbi — anba
a1 by 21 am

The two roots of the quadratic equation for eigenvalues A are given by

b|++/|b|? — 4|A||B
ey — o= VT —3ATE .

2|A]

Notice that this expression has the same form as equation (17) except that a, b, and ¢ have now
become determinants. Clearly, the nature of the eigenvalues depends on the sign of discriminant
|b|> — 4|A||B|. The different possibilities are given below:

o If |b|> — 4|A||B| > 0, there exists two real and distinct eigenvalues and thus the system
is hyperbolic.

o If |b|> — 4|A||B| < 0, there exists two complex eigenvalues and thus the system is elliptic.

s If |b|> — 4|A||B| =0, there is only one real eigenvalue and thus the system is parabolic.

We mention here that classification of second-order system of equations in general is very
complex. It is difficult to determine the mathematical character of these systems except for
simple cases.

3.1.2 A special case

When A is an identity matrix, the system of equation (47) takes the form

U U
g + B<x7y)a—y - F(x7y7U) (55)

so that, we have
D =B and E=F

For a system of PDE having only two dependent variables, (55) becomes

8u1 aul 8u2 .

T +b118—y +b12(9—y S (56a)
duy duy duy
S + bzla—y + b228—y = f (56b)

or, in matrix form
9 [ u n bu b |9 [w | _ F
ox | up by by | dy | up
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To determine eigenvalues of D, we solve the eigenvalue problem |B — AI| = 0. The corre-

sponding characteristic equation is
A% —|b|A +|B| =0

where the determinants |B| and |b| are given by

bi1 b1z
B| = = b11b»» — bbb
|B| ‘ by1 b 11022 — b12aba)
by 0 1 b1
bl = =b b
|b] 'lm 1 +'O bay 11+ b2

The two roots of the quadratic equation for A are given by

2y, — 101 VP =4[5
’ 2

Example 12

Classify the single first-order equation

where a and b are real constants.
Solution In the standard matrix form the above equation may be written as

A% 5%
dx dy

where
A:[a}, B:[b}, U:[u}, F:[f]

The D matrix, in this case, can be easily found:

D=A"B=[a']|[b]=]b/a]

(57)

The matrix D has the single eigenvalue, A = b/a. This is always real and hence, a single
first-order PDE is always hyperbolic in the space (x,y). Note that since we have only a single

eigenvalue and thus only one characteristic direction.

Example 13

Classify the following system of first-order equation:

o~ Jdy
aoy Ty T
oy 10
box Tdgy =1
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The matrix form of the system is:

M M

This equation may be written as

where

a0 [0 ¢ |9 _ | A
e Y I S A M S Y
Therefore, we have

ap =a app =0 ay =0 ap =0b
bi1 =0 bip =c by =d by =0

The relevant determinants can be now evaluated as

|A| = aj1axn — apax = ab
|B| = b11by — b1abyy = —cd
|b| = ai1bx — axibia + axnbi; — apnby =0

and the D matrix is given by

1 [azzbn—alzbzl dzzblz—dlzbzz] _ 1 [ 0 bC] _ l 0 c/a}

D=AB = -
|A| ab | ad 0 d/b 0

aibx —axn by apby —ax by

so that the system (52) may be written as

SMERSIME

The eigenvalues of D =A~'B are given by

Ib| £ /|b|*> — 4lAlB| _ / d
Ao =

2|A]

If cd/ab > 0 then the eigenvalues are real and distinct and the system is hyperbolic in the
space (x,y). For instance, a=b =1; ¢ =d = 1 with vanishing right-hand side, the system of
equation becomes

9

8x+ dy =0
10

8—x+8_y_0
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By eliminating the variable y and replacing y by ¢, we obtain the well-known wave equation in
o:
9%¢  9*¢
92 ox2
which is a hyperbolic equation as seen previously.
If cd/ab < 0 then the eigenvalues are complex and the system is elliptic in the space (x,y).

For instance, a = b =1; ¢ = —d = —1 and vanishing right-hand side, the system of equation
becomes the well-known Cauchy—Riemann equation:

dp Jdy

T _Z% —

dx dy

dy  d¢

Y%

dx + dy
By eliminating the variable v, we obtain the Laplace equation in ¢:

J? 9?

dxz  dy?

which is the standard form of elliptic equations and describes steady-state diffusion phenomena.
Note that we could also obtain the Laplace equation in y by eliminating the variable ¢.

Finally, if one of the coefficients is equal zero, say ¢, then there is only one real eigenvalue
and the system is parabolic. For instance, witha=—-b=1,¢c=0,d=1and fi=vy, /2 =0,
the system of equation becomes

9 _
ox
9 v _,
dy ox

which on eliminating the variable y and replacing y by ¢ leads to the standard form for a
parabolic equation:

a9 9%

It ox2
This is recognizable by the fact that the equation presents a combination of first and second-
order derivatives.

Example 14

Let us find out the canonical form the system of first-order system of equations

oup 9w _

3t 3x (58)
din 49

ot dx

where ¢d > 0.
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Solution  The given system is coupled and is of the form (55) which can be written as

wlaltlaolzla]=1o]

o U U

4B =F

o TP ox
where,

0 ¢ U 0
B = = F=
PRI P

Therefore, we have

The relevant determinants can be now evaluated:

|B| = b11by — bi12byy = —cd
|b| =bi1+byn=0

The eigenvalues of B are given by

b|+£+/|b|*> — 4|B
o= MEVITTB_

The eigenvector for A} = v/cd can be found as follows
0
[ C}{Pll]: /_cd[p“}
d 0] pa P21
which produces two linear algebraic equations for the unknowns pi; and p»;

cpar = Vedpy and dp11 = Vedpa

It may be noted that the above two equations are equivalent and so effectively we have a single
linear algebraic equation in two unknowns leading to one-parameter family of solutions. Thus
we select an arbitrary nonzero scaling factor @ and set p;; = & in any of the equations to
obtain py; = am for the second component and hence the first eigenvector becomes

] =al i)

Taking the scaling factor o = \/c gives the eigenvector
{pu ] _ [ Ve ]
P21 Vd
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Similarly, the eigenvector for A, = —Vcd is

o ollom]=Ene] = [oe]-] ]

o

The P matrix can now be constructed using eigenvectors of B, that is,

r= o ml=l ]

The inverse of P is

p1_ 1 [Pzz _PIZ}_ —1 [:\/3 —\/E] 1[1/\/5 1/\/3}

:|P| —pau pu | 2v/cd Vvd /¢ 2 1/ —1/vd
Therefore,
~lpp _ A _ Ved 0
P 'BP = A = { 0 _m}
The canonical form is then given by
oW oW
A =0

o Ty

alml %" alaln]=10]

or in component form

or

owq owr

o Vg =0

ow ow (59)
2 Ved=2=0

ot ox

The canonical (decoupled) form (59) is particularly simple. Each equation involves only one
unknown and can be easily solved by the methods of characteristics.

3.2 The Method of Characteristics for Linear Hyperbolic Systems

Consider the quasilinear system (48) of n equations in n dependent variables and two indepen-
dent variables x and  written as

ouU U

> + D(x,t)=— = E(x,t,U) (60)

A characteristic curve of system (60) is a curve in the xt-plane given by x = x(¢), where x(t) is
a solution of the differential equation

dx
Z = A(X,t)
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with A(x,7) being an eigenvalue of D(x,7). Since the system (60) is said to be elliptic if D(x,?)
has no real eigenvalues, it follows that elliptic systems, just like elliptic equations, have no
characteristic curves.

If the system (60) is assumed to be hyperbolic in the given domain, then as per the definition,
the D(x,t) will have n distinct eigenvalues A;(x,1), A»(x,1), ..., A,(x,). It then follows that
there are exactly n distinct characteristic curves of (60) passing through any given point (x,1),
each curve corresponding to an eigenvalue of D(x,7). The characteristic curve corresponding
to the eigenvalue A;(x,7), is the solution curve of the initial value problem,

dx .
7 = Ai(x,1), i=1,2,....n
Since all the eigenvalues are distinct of (60), the characteristic curves are never tangent.

Moreover, at a point where an eigenvalue is zero, the correspond ing characteristic is parallel
to the r-axis. However, a characteristic curve of (60) can never be parallel to the x-axis.

Example 15

The one-dimensional form of the time-dependent shallow water equations can be written as

oh oh u
u u oh

— +u— — =0
ot + dx * &ox
where h represents the water height, g is the gravity acceleration and u the horizontal velocity.

Solution  Since A is a unit matrix, the given system in matrix form

HEHERE

-

the system is written in the condensed form:

Introducing the vector

8U+B8U_0
ot dx
where,
=y ] v=li) r=[5]
g u u 0
Therefore, we have
bl =u bip=nh by =g by =u
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The relevant determinants can be now evaluated:

|B| = b11byy — biaby = u* — gh
|b| = a11byp — azibiy + anbiy — aizbyy = u+u = 2u

The eigenvalues of B are given by

b|++/|b]?> — 4|B 2u+t\/4u? —4(u? —gh
bl \/|2| Bl _ 2wt Va2 4@ gh) o

2
€1 \/§
Silnilarly, the eigenvector for AQ = u— \/gh is

2 2lz]-emlz] - (20

g u || en (2% en V8

)

The eigenvector for A| = u++/gh can be found as follows

o]l ] e

g u €1 €21

The P matrix can now be constructed using eigenvectors of B, that is,

=l a]=1 ]

Now, the diagonal matrix A by definition is P"!BP. As we have already found the eigenvalues
of B, the matrix A can be directly obtained as

The canonical form is then given by

oW oW _

o T =0
or
i w1 n u++/gh 0 i wi| |0
ot | wy 0 u—+gh |dx|wr| |0
or in component form
8w1 8w1 .
= T (“Jr\/gih)g =0
owr owr

it Vel 5E =0

Each equation involves only one unknown and can be easily solved by the methods of charac-
teristics.

The procedure for classification of semi-linear PDEs is equally applicable for quasilinear
PDEs. We illustrate this with an example from fluid dynamics.
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Example 16
Classify the Euler equations for unsteady, one-dimensional flow:

ap ap Ju

du du 1dp  *dp

o TUox T pox  p ox

where the speed of sound ¢ is given by the isentropic relation between pressure and density as

dp
2— -
© - <3p)s

Solution In matrix form the Euler equation can be written as

a1t 5] -

Introducing the vector
[ y }
u

the system can be written in the condensed form:

oU oU
Aﬁ —i—Bg =0

where,

S EH I P R Y

Therefore, we have

a11:1 6112:0 a21:O a22:1

2
biy =u by =p byy=c"/p bpn=u
The relevant determinants can be now evaluated:

|A| = anax —anay =1
|B| = bi1by — bioby = u* — ¢

|b| = ai1byp — azibiz + anbiy — aixbyy = u+u = 2u

Since A is a unit matrix, the inverse of A is A itself. We now compute the matrix D:

 a-1lp _ p u p
e[,
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The system of Euler equation can now be written as

U +D8U _0
dt ox
The eigenvalues of D =A~'B are given by

b+ /b2 —4[A[|B] 2ut /A2 —4(uE—2
ao = PIEVIP AllB] _ 2ut 4w -4 —c?)
! 2/A] 2

Therefore, the two characteristics of this hyperbolic system are given by

Z:uzl:c

The eigenvector for A; = u+ ¢ can be found as follows

e nlla]-eol] = (0]

€21 €1

H
e]-17

The P matrix can now be constructed using eigenvectors of D, that is,

P:{e“ 612_:{13 —P}
€21 €22 | C C

P_lDP:A: u+c 0 :|

Similarly, the eigenvector for A, =u—c is

e L[] -0l ]

€22

Therefore,

The canonical form is then given by

ow ow
o TAGy =0

Sl e 22 =10

or

0
or in component form
owy ow
o M
ot +(ute) dx
own ows
o g =0

Each equation involves only one unknown and can be easily solved by the methods of charac-
teristics.
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Note: Since both the eigenvalues are real, for all values of the velocity u, the system is always
hyperbolic in space and time. This is an extremely important property that the steady isentropic
Euler equations are elliptic in the space (x,y) for subsonic velocities and hyperbolic in the space
(x,y) for supersonic velocities.

Here, in space and time, the inviscid isentropic equations are always hyperbolic independently
of the subsonic or supersonic state of the flow. As a consequence, the same numerical algorithms
can be applied for all flow velocities. On the other hand, dealing with the steady state equations,
the numerical algorithms will have to adapt to the flow regime, as the mathematical nature of
the system of equations is changing when passing from subsonic to supersonic, or inversely.

This is the main reason for the very widespread choice of the time-dependent form of the
conservation laws as basis for the numerical discretization, even for the simulation of steady
flows. In this approach, we solve the flow equations in time until a numerical steady state is
reached, while the numerical transient is defined in such away as to reach the steady state as
fast as possible, through different numerical acceleration techniques, such as local time steps.

It can be demonstrated that this property is not restricted to one space dimension. It is
indeed valid for all dimensions, and is shown here for two space dimensions, considering the
time-dependent form of the Euler equation.

Example 17

Classify the steady, inviscid, 2-dimensional flow Euler equations:

ap du ap v
“ox TPax Ve TPy =0
du du 1dp c2adp
U—+ Vs = ———= = ———=—

where the speed of sound ¢ is given by the isentropic relation between pressure and density as

P)
2 _ (9P
© - (81))5‘

Solution In matrix form

u p 0 P p v 0 p P p
cz/puoa—u-i- OvOa—u:0
0 0 u|T|v | Z/p 0 v Y
Introducing the vector
[ p
U= |u




the system is written in the condensed form:

oU oU
A— +B— =0
8x+ dy
where,
u p 0 v 0 p p 0
A=|c2/p u 0|, B= 0 vo|, U=|ul|, F=1]0
0 0 u /p 0 v % 0

The system of Euler equation can now be written in standard form as

U U
4T =0
o PV ox
where
| u? —pu 0 v 0 p
D=A"'B= ) —uc’/p  u? 0 0 v O
mur—e 0 0 -] |[cp 0 v
| u?v —pv  pu?
= W) —uvc?/p U’y —uc?

AW —=cA)/p 0 v —c?)

Working out the characteristic equation, |D — AI| = 0 leads to the following eigenvalues:

v —uvtcvu? +v? —¢?
M= Mz = R
u u?—c

The first solution is always real, and the two others are real if the flow is supersonic, since
equation above can be written as follows, after introduction of the Mach number:

Vu? 41?2

C

M =

—uvE+cAVM?2 -1
2_2

M3 =

Hence, the stationary Euler equations are hyperbolic in (x, y) for supersonic flows. For subsonic
flows, the second and third solutions are complex conjugate while the first solution is real.
Hence, for subsonic flows, the stationary Euler equations are a mixed elliptic-hyperbolic system.
At the sonic velocity M = 1, the two solutions A, = A3 and the system is parabolic.
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